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1 Introduction 



The spectrum of single trace operators in planar A/" = 4 supersymmetric Yang-Mills 
(SYM) is solvable, at least in principle if not always in practice, because of an underlying 
integrability (see pjj for a comprehensive review). Starting with TV = 4 SYM, there exists 
a class of deformations that break the superconformal symmetry down to A/" = 1 but 
preserve the integrability. However, there exist other deformations that destroy the 
integrability and we can ask ourselves to what extent one can calculate the spectra of 
these theories. A possible way forward is to compute the dilatation operator to high 
enough loop order such that a pattern emerges. 

The general class of deformations of A/" = 4 SYM that preserve an A/" = 1 supercon- 
formal sjTiimetry were first catalogued by Leigh and Strassler [2]. The Leigh-Strassler 
superpotential is given by 



W = in 



tr(XrZ-gXZr) + -tr(X^ + F' + Z') , (1.1) 
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which depends on three complex parameters k, q and h, although the imaginary part of 
K can be eliminated by a chiral field phase rotation. The deformation is exactly marginal 
if the Yang-Mills coupling Qym and the deformation parameters satisfy the relation 

2gl^ = KR{l + qq + hh) + 0{{KKf) , (1.2) 

where we have allowed for a fourth-order correction, to be discussed in more detail below. 
This leaves a three complex dimensional space of AT = 1 superconformal theories. Setting 
the coefficients to n = gyu, q = I, h = 0, we recover the J\f = 4 superpotential 

W = tgyMtT[X,Y]Z . (1.3) 

The deformation (11.11) includes some interesting special cases. The most well known 
deformation is the so-called /3-deformation (see [3] for a review) where q = e"^""^, h = 
with /3 real. Inserting this into (11. 2p then yields k = Qym which is exact in the planar 
limit [HE]. With a field redefinition, the /3-deformed superpotential can be recast into 
the form 

W = iQYM tr(e^"''XFZ - e-"^XZF) . (1.4) 

Furthermore, the computation of the spectrum for local operators is an integrable prob- 
lem [6H9]. In [7] it was shown that at the one-loop level the corresponding Bethe equa- 
tions are the same as in A/" = 4 SYM, except for a /3-dependent shift. This was extended 
to all loops in [8]. The supergravity dual for the /3-deformed theory is known [10] and 
its world-sheet theory has been shown to be classically integrable, even though it is not 
a coset [ni[TT]. Other integrable deformations with nonzero values of h can be obtained 
by acting on the /3-deformed theories with similarity transformations [T2]4T^ . 

If the deformation is generalized to complex /3, the relation of the couplings has to 
be altered at four-loop order [15l[T6], as indicated in (II. 2p . The resulting spin-chain 
is a known integrable model only in a certain subsector This subsector plays an 
important role in Af = 4 SYM and in its (complex) /3-deformation, where it is closed, 
at least perturbatively [IT] . It consists of operators composed of two flavors of complex 
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scalar fields. The subsector is called the SU{2) subsector, since an SU{2) subgroup 
of the SU{4) i?-symmetry of = 4 transforms the two flavors into each other. We 
will stick with this name, even if the SU{2) i?-symmetry is broken in the presence of 
the (complex) /3-deformation. In a formulation with manifest JV = 1 supersymmetry, 
these complex scalars are the lowest components of chiral superfields. Hence, being 
composites of two of these three superfield flavors, the operators of the SU{2) subsector 
are themselves chiral superfields. 

There exist a bigger subsector that consists of all possible chiral composite operators. 
This means, the latter can contain all three types of chiral superfield flavors X, Y, Z, 
and also the chiral superfield strength Wa. Starting at two loops, three chiral field flavors 
can transform into two Wa and vice versa. If k 7^ 0, /i = in f ll.ip . this mixing can only 
occur if all three interacting chiral field flavors are different, while at /i 7^ a mixing 
occurs even if all these flavors are identical. This guarantees that the SU{2) subsector 
is closed whenever h = 0, but it also means that in the case h the mixing extends to 
the bigger subsector. When restricting to the lowest lying components of the superfields, 
the field content of this bigger subsector is reduced to the three complexified scalars and 
the two-component gaugino ipa- In J\f = 4 SYM this is the SU{2\3) subsector [TS]. 

Let us now consider those deformations that have closed scalar subsectors and restrict 
ourselves to the planar limit. For the (complex) /3-deformations, the simplest single-trace 
operators are L copies of a single superfield flavor X, 

tTX...X, (1.5) 

which are protected from quantum corrections. In the spin chain picture each of these 
operators is the ferromagnetic ground state of a closed spin chain with fixed length L. 
One constructs excited states by changing the flavor of one or more of the fields. The 
composite operator that contains a single changed flavor 

tiYX...X (1.6) 

corresponds to a spin chain with one excitation (magnon). While in the Af = 4 case this 
operator is still protected, in the (complex) /3-deformed theory it acquires an anomalous 
dimension. We can add more excitations by adding more Y fields. Adding Z fields takes 
us out of the SU (2) subsector. 

The only other way to have a closed scalar subsector is to take the limit k — )■ with 
fixed K\h\ = a/2(7ym, such that the superpotential becomes 

W = iV2gYM tr(X^ + Y' + Z') . (1.7) 

This special case, called the (Fermat) cubic Leigh- Strassler deformation, was recently 
analyzed in [19j. This deformation has no closed subsector resembling the SU{2) sub- 
sector of the undeformed theory. However, because the superpotential does not have 
the "hopping" term there is no direct mixing of scalar operators in the planar limit. 
Scalar mixing can still occur indirectly through intermediate scalar-fermion mixing, but 
if the operator does not have a sequence of three or more identical scalar fields, then 
this mixing will not occur either. We will call such operators "3-string null". In the 
planar limit these operators do not mix with other operators. 
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In the cubic Leigh- Strassler theory, the ground states are anti-ferromagnetic in na- 
ture, having the general form [12] 

iiXYXZYZ ...XY , (1.8) 

where no two neighboring fields have the same flavor. These operators are protected in 
the planar limit to all orders in perturbation theory. Operators of the type 

tiXYXYYZ ...XY , (1.9) 

where there are two neighboring fields with the same flavor correspond to the first excited 
states. They are not protected, but they are 3-string null and hence do not undergo 
operator mixing either. The lack of mixing makes it possible to formulate an all-loop 
conjecture about the rational part of their anomalous dimensions [12]. The conjecture 
is applicable to any 3-string null operator [19]. 

The upshot is that we have two classes of Leigh-Strassler theories where the mixing 
is closed to scalar operators; the SU{2) subsector of the complex /3-deformed theories 
and the 3-string null operators in the cubic Leigh-Strassler theory. For these two cases 
we only need the scalar part of the "chiral" dilatation operator, where "chiral" indicates 
the restriction to the field content of the S'f/(2|3) subsector. 

In this paper we determine the scalar part of the chiral dilatation operator to four- 
loop order. The evaluation of the relevant Feynman diagrams becomes manageable by 
determining the deviations from the four-loop dilatation operator in the SU{2) subsector 
of the A/" = 4 SYM theory. The latter has been determined [2D] as one of the conserved 
local charges [^[22] using integrability and the postulated form of the magnon disper- 
sion relation. Hence, by doing perturbation theory in the general Leigh-Strassler case, 
we determine the scalar part of the chiral dilatation operator. These more general de- 
formations are not believed to be integrable. But our result is also valid for the mixing 
between all three scalar chiral fields of A/" = 4 SYM. 

The scalar part we find for the chiral dilatation operator is valid for any Leigh- 
Strassler deformation. It is complete when acting on a closed scalar subsector, hence 
we can apply it to the above cases to find the anomalous dimensions to four-loop order. 
When acting on the 3-string null operators in the cubic Leigh-Strassler theory we find 
that the rational contributions to the anomalous dimensions are consistent with an 
all- loop conjecture made in [12]. Furthermore, we see that the four-loop anomalous 
dimensions contain additional transcendental terms. 

The paper is organized as follows. In section [2] we analyze the Feynman diagrams that 
modify the scalar part of the chiral four-loop dilatation operator of A/" = 4 SYM theory 
for Leigh-Strassler deformations. In section |3] we simplify the results from the previous 
section and determine the anomalous dimensions of the one impurity operators in the 
(complex) /3-deformation and the 3-string null operators in the cubic Leigh-Strassler 
deformation. In section H] we draw our conclusions. Several technical details concerning 
the so-called chiral functions, similarity transformations and relevant loop integrals are 
included in various appendices. 
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2 Feynman diagram analysis 



The perturbative spectrum of local composite operators in a conformal field theory is 
given by the bare dimensions of the operators plus their anomalous dimensions. The 
latter are generated by the renormalization of the composite operators 

— ^a^(A, e)Ofc^barc 5 (2-1) 

which in general imply a mixing among the operators. Z is the matrix-valued renor- 
malization constant that is given as a power series in the 't Hooft coupling constant 
A = g\yJSS and absorbs the overall UV divergences which are generated at each loop 
order. In D = 4 — 2e dimensions the divergences appear as poles in e. 

We determine the anomalous dimensions as eigenvalues of the dilatation operator, 
which in terms of Z is defined as 



V = u— In Z(Au'% e) = lim 



2eX^\nZ{X,e) 
dA 



(2.2) 



The logarithm in the above description is understood as a series expansion in the or- 
thonormalized basis of composite operators for the unrenormalized theory, such that 
the leading contribution to Z is the identity. All higher order poles in \nZ must can- 
cel, leading to the second relation in (12. 2p . The anomalous dimensions are then the 
eigenvalues of V. 

We first calculate the renormalization constant Z for operators composed of scalar 
chiral superfields by computing the relevant Feynman diagrams using an A/" = 1 su- 
perfield formulation. We then use (12. 2p to derive the dilatation operator. For a more 
detailed description we refer the reader to |23|l2^ . It should be understood that T> is the 
scalar part of the chiral dilatation operator, since we have restricted ourselves to scalar 
chiral operators. The dilatation operator can be expressed as the series expansion 

V = J2f"^n, 9^^. (2.3) 

n=l 

For Af = 4 SYM, the first three terms in the expansion were found to be 
- 2x(l) , 



V,= -2[x(l,2) + x(2,l)]+4x(l) , 

V, = -4(x(l, 2, 3) + x(3, 2, 1)) + 4^e2[x(2, 1, 3) - x(l, 3, 2)] - 4^(1, 3) 
+ 16(x(l, 2) + x(2, 1)) - 16x(l) - 4(x(l, 2, 1) + x(2, 1, 2)) , 



(2.4) 



where e2 = — ^ is a parameter that can be changed by similarity transformations of the 
basis of operators. 

The terms in (12. 4p are expressed using the very convenient basis of so-called chiral 
functions. They capture the structure of the chiral and anti-chiral superfields within the 
Feynman diagrams [2^125] (see [23] for a review). Here they are defined as 



L-l 



XicLl,---,an) = y^^Y\'^a^+ra.+r+l ■ (2.5) 
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where the operator F^- acts on the flavors at sites i and j. Its precise form will be given 
below. The product of the is specified by the argument list of the chiral function. 
Periodicity in L is understood when this product acts on adjacent elementary flavors 
of a single-trace operator with the length L, i.e. with L elementary fields. Shifts of all 
integer entries a„ i = 1, . . . ,n in the argument lists hence do not produce new chiral 
functions. We can therefore choose min(ai, . . . , a„) = 1. 

In the A/" = 4 SYM theory, the operator F^^ is given as the permutation minus 
the identity. In fact, if we consider the Leigh-Strassler deformation, only the chiral 
functions (12.51) are modified since as a contraction of the superpotential (11.11) with 
its Hermitean conjugate is sensitive to the deformation. There is no further modification 
of the expressions in (12. 4p since they rely on a full Feynman diagram calculation in |24| 
that does not make use of relations between chiral functions. With the superpotential 
(11.11) the fundamental building block F^ evaluates to 



F,^. = p\P-l + hed-hde + hhdd),j , p = = J ^ + 0{k^) , 




2 

5'YM V 1 + qq + hh 

(2.6) 

where we have used the relation of the couplings (II. 2p and the aforementioned field 
redefinitions in order to make k real. The permutation P and e are generalizations of 
the ordinary permutation and the e-tensor, which take into account the deformation 
by q. The only non-vanishing components of the tensors in the products up to cyclic 
permutations are 

^XYZ = 1 ) ^YXZ = ~q ) ^XYZ = ~q 1 ^YXZ = 1 i dxxX = dyYY = dzzZ = 1 • 

(2.7) 

Using i„ ij and o„ Oj as the flavor degrees of freedom that enter and leave the building 
block at the respective positions i and j, the individual terms in (12.61) read 

[(P-l),,]°:°^ = -e°-^'=e,,,^ , 

[(ed),,]-°^ =e°-^^4..., , 
[(de),,]:;°^ =rf-°^'=e,,,^ , 

[(dd),,]::°^ = d°-^'=4M. • 



(2.8) 



The above combinations can be written in terms of bilinears in the Gell-Mann matrices 
A°, a = 1, . . . , 8, which act on the flavors at positions i and j. We form combinations 
A±3 = i(Ai ± iX^), = i(A4 ± zA^), A±i = ^A^ ± zA^), such that A±^ act as rising 
and lowering operators, leaving unaffected the flavor of type i, and also introduce the 

identity A" = ^fl, such that trA^A^ = 25^^, A, 5 = 0, 1, . . . 8. In terms of these 
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matrices, the expressions read 



(P -1). = ^(1 + m) (A^A^ + m - 2A°A°) + ^(1 - m) (Af A^ - A?A«) 

+ g(A-Ar + A,- + Ar^Af ) + g(Ar A;^ + A^Af + A^A;^) , 
(6 d),, = Ar A;^ + A-AT^ + A^ Af - g(A- A7^ + A^ Af + A^^Af ) , (2.9) 
(de)., = A-Af + A^Af + Ar^AT^ - g(ArAf + A^At^ + A^At^) , 

dd., = i(A?A^ + A«A« + A°A^) . 

A projection of the above expressions onto the subspace of operators that contain 
only the flavors of type X and F, is realized as 

A±^^a^ \'^a\ ^'-^Tfl' ^"-^/l^' ^2.10) 

where a^, a^, 1 are the Pauli and identity matrices in the two-dimensional flavor space. 
Moreover, we have to drop all combinations of A^'^'A"'"" with i = 1,2. The combination 
P — 1 then reduces to the respective expression in the SU{2) subsector, and also dd 
can be consistently truncated, while the terms linear in /i, h in (12. 6p do not admit a 
restriction to two types of flavors. 



2.1 Self energy diagrams 

In a superconformal theory, the anomalous dimensions of the chiral superfields must 
vanish. This imposes the relation on the couplings in (II. 2p . At one loop, the vanishing 
of the anomalous dimensions is equivalent to the UV finiteness of the theory. Examining 
the one-loop diagrams 

-(^^^ = NkR{1 + qq + hh)h , ^^^^ = -^Ng'^^h , (2.11) 

one can immediately see that the cancellation of the divergences leads to the relation in 
(11.21) at leading order. This continues to hold at two- and three-loop order, where the 
one- loop relation (II. 2p is not altered [T5 | [T6 | |27] . The reason is that the chiral field lines 
in the two-point Feynman diagrams only form (nested) bubbles. 

At four loops, this is no longer the case and leads to a modification of the relation in 
(II. 2p . Divergences no longer cancel at the same loop-level, but the four- loop contribution 
to the anomalous dimension can be cancelled by a one-loop contribution if (II. 2p is 
modified by a fourth-order term. This was previously worked out for the (complex) 
/3-deformation in P^fTB] and for the entire Leigh-Strassler deformation (II. ip in [27]. 
Here, we recall these results. 

The only four-loop diagram without a bubble structure is given by 

-(^—^^-N'^i{l + qq + hhr + 6H{q,q,h,h))ht , (2.12) 
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where the first term is is cancelled by the remaining four-loop diagrams. The additional 
contribution is a straightforward generalization of the result at /i = in [TSjlTB] and in 
accord with [27] we find 



SH{q, g, h) = {1 - qq - khf + 8qqhh{qq{3 - qq) + hh{?> - hh)) 
+ 8gg(/i' + ¥) - 8hh{q'' + f) - 8(g^/i' + fh"") . 



(2.13) 



Since this term is not cancelled by the other four-loop contributions it will generate an 
anomalous dimension for the chiral field, unless one allows for fourth order corrections 
to the marginal couplings. Unlike in the complex /3-deformed case, it is not sufficient to 
have a series expansion with constant coefficients for the correction in (II. 2p Instead, we 
should make the ansatz 

K ^ + X^AK{q,q,h,h)) , R ^ R{1 + X^AR{q,q,h,h)) . (2.14) 

If we absorb these corrections into the original k, R the relation (11. 2p is modified to 



2g 



YM 



kR{1 + qq + hh){l - \^{Ak + Ar)) 



(2.15) 



where further modifications will occur at higher orders. With these corrections, the 
leftover piece (I2.13P from the four-loop diagrams can be cancelled by the chiral one-loop 
diagram (12. lip with modified couplings (I2.14p . For conformal invariance we have to 
cancel the anomalous dimensions which is achieved by setting 




finite 



(2.16) 



where the blobs are the vertex corrections which come with factors of X^Ak, or X^AR. 
The ellipsis denotes the remaining four-loop diagrams in which the chiral field lines 
form (nested) bubbles. The integer prefactors come from the definition of the dilatation 
operator (the anomalous dimension) in (12. 2p . This leads to a multiplication of the 
i^'-loop contribution by a factor 2K. From the condition (I2.16P we find 



{l + qq + hh)^I, 



(2.17) 



With this adjustment the theory is conformal but not finite, since the diagrams that 
contribute to the chiral field renormalization do not have the prefactors in (I2.16P and 
hence do not cancel. 

The alterations induced by (I2.12p also affect the operator renormalization. At four- 
loop order this only concerns the diagrams associated with the simplest chiral function 
x(l)- But the relation in (I2.16P guarantees that these diagrams obey 




+ 



+ . . . 



finite 



(2.18) 
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whose validity is obvious if one realizes that the chiral operator (represented by the bold 
line) can be treated like a chiral vertex. Hence, the diagrams in f l2.18p have the same 
topology as those in f l2.16p and so have the same cancellation of UV divergences. These 
diagrams can then be omitted from the very beginning since they will not contribute to 
the dilatation operator. 



2.2 Diagrams with reducible chiral functions 

In the SU (2) subsector of the (complex) /3-deformed theories, not all of the chiral func- 
tions in (12. 5p are independent. Many chiral functions contain terms that antisymmetrize 
three neighboring sites. Such terms are zero when there are only two flavors, leading to 
relations between different chiral functions. The simplest example is 



X(l,2, l)|sc/(2) = x(2,l,2)|sj/(2) = p^ggx(l)|sc/(2) 



(2.19) 



where 



\SU{2) 



indicates the projection onto the subsector. The general set of relations 



are worked out in appendix |Al The chiral functions x(l; 2, 1) and x(2, 1, 2) first appear 
in the three-loop dilatation operator Pg. The respective terms in (12. 4p arise from the 
chiral Feynman diagram 

A%x(l,2,l) , (2.20) 




and its reflection. At four loops, the relation (I2.19P generalizes to chiral functions with 
four arguments. Here there are two types of relations, given by 

X(l, 2, 1, 2)\sui2) = X(l, 2, 3, 2)\sui2) = x(2, 1, 2, 3)\sui2) = p'qqx{l, 2) , 
X(2, 1, 2, l)\sui2) = X(3, 2, 1, 2)\sui2) = x(2, 3, 2, l)\sui2) = 1) , 

x(l,2,l,3)U,/(2) = x(l,3,2,3)Ur/(2)" 
x(3,2,3,l)Ur;(2) = x(3,l,2,l)Ur/(2) 



(2.21) 



where a relation and its reflection are displayed in tandem. We call chiral functions 
"reducible" if they simplify as in (I2.19P and (I2.2ip when projected onto the SU{2) 
subsector. 

In analogy to the three- loop diagram (I2.20p . four- loop diagrams that come with 
chiral functions having four arguments are chiral. Hence, each one is generated by one 
diagram. After D-algebra, we find 



A^/4X(1,2,1,2) 



A. 




AV4X(2,1,2,3) 



A%bbX(l,2,l,3) 



A%^X(1,3,2,3) 



(2.22) 



as well as analogous results for their reflections. 

There are also four-loop diagrams having chiral function 2, 1) or x(2, 1, 2). These 
diagrams are constructed by attaching a vector propagator to fl2.20p or its reflection. 
Since the one-loop chiral self energy is identically zero, the ends of the vector propagator 
much attach to different chiral propagators. Moreover, there are further restrictions 
coming from the finiteness conditions of [23]. First, the one chiral vertex in f l2.20p 
which is not part of a loop must remain out of any loop after adding the vector field 
interaction. Second, the vector propagator cannot attach to the neighboring field lines 
of (12. 20 p . keeping the range of the diagram to three sites. The diagrams that fulfill these 
constraints, along with their values, are 








4w ) 





'4bt ) 






~^ -^4 + ~ -^4trl 





-I 



4 , 



'43t ) 




4bt 5 



(2.23) 



— )• ^4 + Iaw ~ -^4tr2 ) 




— )■ 



'4w ; 




where we have grouped together the diagrams that lead to the same integrals after D- 
algebra. The integrals are listed in (IC.ip . The above results contain all signs from color 
and flavor factors, and from the D-algebra manipulations. Finite contributions and a 
common factor A'' x(l) 2, 1) have been omitted. Note that most of the diagrams are easily 
evaluated using the arguments in [21]. The diagrams in the fourth line require a little 
more work and lead to integrals with momenta in the numerator of their integrands that 
are contracted as prescribed by a trace over products of 7-matrices. Using the results 
of appendix [Cl we find for the sum of the most complicated diagrams 




'43t 



(2.24) 



10 




Summing up all diagrams of f l2.23p . and eliminating I^^ by making use of the relation 
(1C.4P results in 



A^(-6J4 + 2/;,, + /40x(l,2,l) . (2.25) 



The result for the reflected diagrams is obtained by replacing x(l, 2, 1) with x(2, 1, 2). 
2.3 Four-loop result 

The reducible contribution to the renormalization constant is the negative sum of (12.251) . 
fl2.22p and their reflections. Using (12. 2p . one finds that the reducible part contributes to 
the dilatation operator with the coefficient of the ^ pole multiplied by 8. Inserting the 
explicit expressions in (IC.ip then gives 



(5P4rcd = (60 - 8C(3)) [x(l, 2, 1) + x(2, 1, 2)] 
-10[x(l,2,l,2) + x(2,l,2,l)] 
-(10-8C(3))[x(l,2,3,2) + x(3,2,l,2)] 
-10[x(2,l,2,3) + x(2,3,2,l)] (2-26) 

+ (y - 4C(3)) [x(l, 2, 1, 3) + x(3, 2, 3, 1)] 
-(10-8C(3))[x(l,3,2,3) + x(3,l,2,l)] . 

Restricting to the SU (2) subsector of A/" = 4 SYM and using the identities in (I2.19p and 
(I2.2ip . reduces the above term to 

SV,,Jsui2) = 8(15 - 2C(3)) x(l) - 2(15 - 4C(3))[x(l, 2) + x(2, 1)] 

/5 \ (2.27) 

-8(--C(3))x(l,3). 

The four-loop dilatation operator I^4,aa=4 for the SU (2) subsector of A/" = 4 SYM 
was first presented in [20]. It is determined as one of the commuting charges of the 
integrable system, using information from the all loop Bethe equations [28] and the 
magnon dispersion relation [29143T] 



E{p) = ^1 + Ah^ig) sin' I -1 , (2.28) 

where we assume that h''{g) = Ag'^. To find P4 for the Leigh- Strassler theories we add 
(I2.26P to r'4,Ar=4 and then subtract (I2.27p . Using the convention in [26] for P4X=4) we 
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find 



V,= +16(5 + C(3))x(l) 

- 8(15 + C(3))[x(l, 2) + x(2, 1)] + 8(y - C(3)) 3) - 4 x(l, 4) 

+ 4(15 - 2C(3)) [x(l, 2, 1) + x(2, 1, 2)] + 60[x(l, 2, 3) + x(3, 2, 1)] 
+ 2(4 + /3 + 2e3a - 2^e3b + ^eg, - 2it,,) x(l, 3, 2) 
+ 2(4 + /3 + 263, + 2ze3, - le^, + 2^63^) x(2, 1, 3) 

- 2(2 + 2it,, + «e3.) [x(l, 2, 4) + x(l, 4, 3)] 

- 2(2 - 2i,,, - ze3c) [x(l, 3, 4) + x(2, 1, 4)] 
-10[x(l,2,l,2) + x(2,l,2,l)] 

- (10 + 2e3e - it^f) [x(2, 1, 2, 3) + x(2, 3, 2, 1)] ^2.29) 

- (10 - 8C(3) - le,, + it,f) [x(l, 2, 3, 2) + x(3, 2, 1, 2)] 

/14 \ 
+ (y + 8C(3) + 2e3a - Aie^,, + ^e3e j [x(l, 3, 2, 3) + x(3, 1, 2, 1)] 

+ (y - 4C(3) + 2e3„ + 4ze3, - le.^j [x(l, 2, 1, 3) + x(3, 2, 3, 1)] 

-2(6 + /3 + 2e3jx(2,l,3,2) 

+ 2(9 + 2e3j[x(l,3,2,4) + x(2, 1,4,3)] 

- 2(4 + £3, + le,,) [x(l, 2, 4, 3) + x(l, 4, 3, 2)] 

- 2(4 + €3, - ^e3fc) [x(2, 1, 3, 4) + x(3, 2, 1, 4)] 
-10[x(l,2,3,4) + x(4,3,2,l)] , 

where we have also considered the possibihty of more general similarity transformations 
as compared to A/" = 4 SYM. These are parameterized by two additional parameters e^f, 
and €3/ and they occur because the identities in (12.191) and (12.211) are no longer applicable. 
The details are worked out in appendix [Bl The dressing phase /3 and the coefficients 
€30, ... , of similarity transformations in the scheme of TV = 1 supergraphs are fixed by 
comparing the SU{2) subsector projection of the above result to the integrabihty-based 
expression. This is not the case for e^^^ and e^f that drop out in the projection and hence 
can be set to convenient values. With our choice we have made the rational numbers 
within the coefficients of ^(l, 3, 2, 3) + x(3, 1, 2, 1) and x(l) 2, 1, 3) + x(3, 2, 3, 1) equal. 
This yields 

4 4 4 4 

13 = 4C(3) , = -4 , = -^- , £3, = i- , = ^- , 63/ = , 

(2.30) 

Note that we have not fixed the coefficient e^d in the scheme of Feynman diagrams in 
Af = 1 superspace. The calculation would be tedious and unnecessary here, since the 
combination x(l,3,2) — x(l,3,2) of chiral functions that are conjugate to each other 
vanishes whenever applied to the states, and hence €3^ drops out. 
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3 Application to single-impurity states 



We call chiral functions "connected" if adjacent entries in their arguments differ by ±1. 
These are the only chiral functions that do not vanish when acting on the one-impurity 
states in f ll.6p and f ll.9p . For this reason the magnon dispersion relations can only 
depend on the connected chiral functions. Using the definition of a connected product 
of chiral functions in flA.8|l . we can reexpress the the first four orders of T) in (12. 4p and 
fl2:29|) as 

A= -2x(l) , 
T>.= -2[x(l)l, 

V,= -A[ x{lf] ^ + 4^e2[x(2, 1, 3) - 3, 2)] - 4 3) , 

v,= -io[x(i)l 

+ 8C(3)[-2x(l) + x(l,2) + x(2,l) 

- 2, 1) - x(2, 1, 2) + 2, 3, 2) + x(3, 2, 1, 2)] 

- z(e3e - e3/) [x(2, 1, 2, 3) + x(2, 3, 2, 1) - 2, 3, 2) - x(3, 2, 1, 2)] 

/23 \ 
+ 8(y-C(3))x(l,3)-4x(l,4) 

+ 2(4 + /3 + 2e3a - 2^636 + le^c - 2^63^) 3, 2) 

+ 2(4 + /3 + 2e3a + 2^63, - ^€3, + 2it,,) x(2, 1, 3) (^'^^ 

- 2(2 + 2263, + 2, 4) + 4, 3)] 

- 2(2 - 2it,, - It,:) 3, 4) + x(2, 1, 4)] 

/14 \ 
+ (y + 8C(3) + 2e3a - ^it,, + it:,,) 3, 2, 3) + x(3, 1, 2, 1)] 

/14 \ 
+ (y - 4C(3) + 2e3. + 4ze3, - it,,) [x(l, 2, 1, 3) + x(3, 2, 3, 1)] 

-2(6 + /3 + 2e3jx(2,l,3,2) 

+ 2(9 + 2e3j[x(l, 3,2, 4) + x(2, 1,4,3)] 

- 2(4 + e3a + te,,) 2, 4, 3) + 4, 3, 2)] 

- 2(4 + £3, - It,,) [x(2, 1, 3, 4) + x(3, 2, 1, 4)] . 

The terms with connected products appear naturally in the expansion of the TV = 4 
magnon dispersion relation [T9l|23]. In particular, the first term in is consistent with 
a conjecture made in [19] that the rational connected parts of Dm are given by 

^^^/^^ :-4)"[x(ir],- (3.2) 



r(m + l)r(3/2-m) 



The conjecture is nontrivial since it allows us to separate terms that would have been 
equivalent in the /3-deformed or undeformed theory. 

The next term in P4 is a sum of connected chiral functions multiplied by 8^(3). It 
vanishes when we project to the SU (2) subsector in = 4 or the real /3-deformed theory 
and hence is consistent with the dispersion relation (12.280 with h'^{g) = Ag'^. However, it 
contributes when two distinct types of scalar magnons approach each other, and hence is 
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associated with the scattering matrix for different magnons. In the complex /3-deformed 
case it is also non-vanishing if a single magnon is within its interaction range and hence 
it starts to appear within the respective dispersion relation as a four-loop contribution 
to h^{g) in (^M>- 

We can now use (13. ip to determine the four-loop anomalous dimensions for particular 
operators. 

3.1 Complex /3- deformation 

The one-impurity operators in the complex /3-deformations, where |g| 7^ 1 and h = 0, 
are eigenstates of with eigenvalue c{q,q), where 

c{q,q) = Al - g)(l - q) = ^^^^ ^ > (3-3) 

and we have eliminated p by applying f l2.6p . Furthermore, the connected products of 
are products of c{q,q). Using the relation in (lA.4p . we find 

7 = [ Vl + ^g'c{q, g) - 1] - 8C(3)(1 - qqfc^q, q) + . (3.4) 

The part of 7 inside the square bracket comes from the connected products in (13. ip . The 
transcendental term comes from those connected chiral functions that are not included 
in the connected products. In the special case where /3 is real, the transcendental 
term drops out and we find c(g, g) = 4 sin^ vr/?. The remaining part of 7 is the energy 
coming from (12.281) for one excitation with momentum shifted to p = 27r/3 by the twisted 
boundary conditions. 

3.2 Cubic Leigh- Strassler deformation 

In the cubic Leigh-Strassler deformation, where p — )■ 0, p\h\ = \/2, the 3-string null 
operators are eigenstates of every chiral function. For x(l) the eigenvalue is — 2M, 
where M is the number of pairs of adjacent fields with the same flavor. For all other 
chiral functions the eigenvalue is 0. Hence, the eigenvalue of the connected product 
[x(l)'"]j, is (— 2)'"M. Inserting these expressions into (13.11) . we find that the anomalous 
dimensions of these operators are 'Jm = Mji, where 

7i = [v^r+S? - 1] - 32 C(3) g' + 0{g'') . (3.5) 

Note that the four-loop result is consistent with a conjecture in for the rational 
part of 7i, where it was proposed that it would have the form in the square brackets to 
all orders in g, assuming that cancellations similar to (I2.18P continue to holcfl. However, 
there is also a transcendental contribution starting at four-loop order. A natural way 
to view this is that instead of g'^, the square root depends on a. g dependent function 
h^{g), such that 

71 = ^1 + 8^-1, (3.6) 
^In [19] the cancellations were also shown to hold at five-loop order. 
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where 



(3.7) 



Without this correction the strong couphng behavior of 71 would have been 71 ~ (7, but 
with it 7i hkely increases with a smaller power of g. 

4 Conclusions 

The main result of this paper is the construction of the scalar part of the four-loop chiral 
dilatation operator (13. ip . This construction is valid for any Leigh- Strassler deformation 
and it is complete for the closed scalar subsectors of these deformations. Completeness 
for an arbitrary deformation would require the contributions to D involving the gauginos 

For the closed subsectors we have explicitly found the four-loop anomalous dimen- 
sions for the one impurity operators in the complex /3-deformed theory and for every 
3-string null operator in the cubic Leigh-Strassler theory. These anomalous dimensions 
have C(3) terms that first appear at four loop^. These transcendental terms show up 
because they are present in the coefficients of connected chiral functions in P4. 

From the perspective of A/" = 4 SYM or its integrable deformations, the ^(3) coeffi- 
cients of the connected (or disconnected) chiral functions must trace back to the BES 
dressing phase [35] ; the only place that transcendental terms appear in the all loop Bethe 
equations is in the dressing phase and so it must be the source for these terms in 
the chiral dilatation operator. However, in the complex /3-deformed theory, these same 
terms are associated with the dispersion relation, since they contribute to the anomalous 
dimensions for single impurity operators. This suggests that the dispersion relation for 
the complex /3-deformed theory, or the anomalous dimensions of the 3-string null oper- 
ators in the cubic deformation, are in principle derivable from the BES dressing phase. 
This assumes that the tuning mechanism as pictured in (I2.16P and (12.180 continues to 
hold at higher loops, otherwise further corrections could spoil this relation. 

For the immediate future, one can use the disentangling of the chiral functions to 
compute next to leading order wrapping effects, extending the analysis in [25 |[26l[36ti38] . 
It would also be interesting to find the complete four-loop chiral dilatation operator. 
For this it would be useful to find an extension of the chiral functions that could also 
include the gauginos. 
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A Relations between chiral functions 

In the SU{2) subsector, the building block ( 12. 6 p of the chiral functions (12. 5 p reduces to 

F.,|st/(2) =p'(P-l)., , (A.l) 

where the deformed permutation and the identity on the r.h.s. are the ones given in fl2.9p 
but projected into the subspace of two flavors by applying fl2.10|) . Using the resulting 
expressions, one can check that the r.h.s. obeys the relation 

(P -i)„„+i(P -i)„+i„+2(P = gg(P -t)nn+l ■ (A.2) 

This relation has its origin in the fact that three adjacent elementary flelds within the 
single trace of the composite operators of the SU{2) subsector carry maximally two 
different field flavors. The permutations then fulflU the relation 

= 1 P„„-|_i Pii+lii+2 + Pnn+1 Priri+1 + Pn+ n+2 Pnn+1 Pjui+l Pn+ln+2 Pnri+1 ) 

(A.3) 

where the r.h.s. at vanishing /3-deformation g = 1 is nothing else than the total anti- 
symmetrizer e,^i^^-^,^^2^°"'°"+^°"+^ between three field fiavors when expressed in terms of 
permutations. In the undeformed respective relation was already worked out 

in [22] • When inserting (1A.2P into the definition of the chiral functions f l2.5l) . we find 
that in the SU{2) subsector they are reducible as 

X(ai,... , Ofc, a, 6, a, afe+4, . . . , cin)\su(2) — P^QQ . . . , a, afc+4, . . . , a„) |s;7(2) • (A.4) 

For the general Leigh- Strassler deformation, it is very easy to check that the chiral 
functions fulfill 

2 / 



x(ai, . . . , afc, a, a, afc+3, . . . , a„) = -p-{l + qq + hh) x(ai, . . . , Ofe, a, 0^+3 

= -2 xi^i, . . . , flfc, a, ak+3, . . . , a„) + C(k^) 



(A.5) 



where the second equality relies on fl2.6p . The previous relation between chiral functions 
is required in order to simplify the (noncommutative but associative) products of chiral 
functions. In order two define such products of chiral functions, we assume from now 
on that the length L is always sufficiently large, i.e. L > + — 1- Thereby, Ka, Hb 
are the ranges, i.e. the numbers of legs involved in the chiral interactions, of the two 
chiral functions that are to be multiplied. In terms of the arguments of (12. 5p the range 
is defined as 

Ka = max — min +2 . (A. 6) 



ai , . ..jCin ai....,an 



We first introduce the commutator of two cliiral functions that is given by 

max — min +1 

bi .. ,bp ai ... ..an 

[x(ai . . . ,a„) , • • • = xiai + k,...,a^ + k,bi,...,bp) 



: -1 
min -(- 1 



^ Xibi + k,...,bp + k,ai, 



(A.7) 
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We call cliiral functions "connected" if adjacent entries in their list of arguments never 
differ by more than ±1. For these chiral functions, we define the connected product as 

[x(ai...,a„)x(&i,---,&p)]c = ^ x{ai + k,...,a^ + k,bi,...,bp) , (A.8) 

k—bi — a^i — 1 

such that the result is again a connected chiral function. It is understood that for 
multiple connected chiral functions appearing within [. ..]c, the connected product is 
applied for each pairwise multiplication. 

B Similarity transformations 

The representation of the dilatation operator is not unique, but it may be transformed by 
a change of the basis of operators that does not alter its eigenvalues. In this appendix, we 
work out such transformations. We include non-unitary cases that allow us to remove 
the anti-Hermitean contributions in the three-loop dilatation operator given in (12.41) . 
The similarity transformations can be realized as 

V = e-''Ve'' = V + 5V , (B.l) 

where x is a linear combination of chiral functions. We demand that the transformations 
preserve the structural constraints coming from the underlying Feynman diagrams, i.e. 
at each loop order in the weak coupling expansion of V the transformation must not 
generate contributions that involve chiral functions that can only appear at higher or- 
ders. This is guaranteed if the weak coupling expansion of x only contains those chiral 
functions that can be associated with Feynman diagrams at the considered order. In 
the SU{2) subsector of the A/" = 4 SYM theory the transformations are parameterized 
by one and four free parameters respectively in the three- and four-loop contribution to 
the dilatation operator. Here, we have to abandon the relation (12.191) and construct a 
more general transformation at four loops. The ansatz is given by 

X = gS5n x(l) + {^5,1 X(l) + ^522[X(1, 2) + x(2, 1)]) 

+ g' (^531 x(l) + ^532[X(1, 2) + x(2, 1)] + ^^33 x(l, 3) + '-Su[x{h 2, 1) + x(2, 1, 2)] 

+ ^(^^35 + ^36) X(l, 3, 2) + i(z535 - ^36) X(2, 1, 3) 

+ ^537[x(l,2,3) + x(3,2,l)]) , 

(B.2) 

where we have considered the fact that the chiral functions of the first two contributions 
in the last row are adjoint to each other, but the loop integrals of the respective diagrams 
are different. 

Inserting this ansatz into (IB.1|) and expanding in powers of g, we respectively obtain 
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for the non- vanishing transformations at two and three loops 



5P3 = -4^e2[x(l,3,2)-x(2,l,3)] , 

5V^ = 2(263, - 22636 + 263e " 2^63,) x(l, 3, 2) + 2(263„ + 2^636 - ?:63, + 2i63d) x(2, 1, 3) 

- 2z(263b + 63,) [x(l, 2, 4) + x(l, 4, 3) - x(l, 3, 4) - x(2, 1, 4)] 

- i(e3e - £3/) [x(2, 1, 2, 3) + x(2, 3, 2, 1) - x(l, 2, 3, 2) - x(3, 2, 1, 2)] 
+ (263„ - 4^63, + 263e) [x(l, 3, 2, 3) + x(3, 1, 2, 1)] 

+ (263, + 4^63, - 263e) [x(l, 2, 1, 3) + x(3, 2, 3, 1)] 

- 463jx(2, 1, 3, 2) - x(l, 3, 2, 4) - x(2, 1, 4, 3)] 
-2(63. + 263,)[x(l,2,4,3) + x(l,4,3,2)] 

- 2(63„ - 263,)[x(2, 1, 3, 4) + x(3, 2, 1, 4)] , 



(B.3) 



where the independent parameters read 



(2(5n - 522) , 

3 1 
-5ii(25ii - ^22) - -6: 





3^35 - 5: 



(B.4) 
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C Integrals 

All four-loop integrals / and their pole parts X used in the text are given by 



'4w 



'4/3 



'4bt 



M3t 



'4t 



-'4tl 



'4t2 



'4trl 



'4tr2 








■° (47r 
f47r)8 V 



1 1 11/51,,, 



12£4 4£3 12£2 eV 12 2 



1 1 

+ 
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+ 



(47r)8V 24£4 4£3 24£2 4£ 

1 



^4c 



(47r) 



1 5 

+ 



4w 



12£4 12£3 12£2 £V12 2 



1 1 19 1/5 



(47r)8V 24£4 4£3 24£2 £ V4 



X 



4/3 



(47r) 



T2?^3^ 12^ £U ^^"^V; ' 



•4bt 



(47r) 




1 



43t 



«^)+;0-^)) 



(47r)8 V 2£2 



X 



1 1 



4t 



(47r)8 £ 



5C(5) , 



-^4tl + 2^"^"^ ~ "^'^^ ~ '^''^t + -^4t) 5 




tr(7"7^^7^7') , 




^ tr(7"7V70 • 
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We only need the sum of the last two integrals. This is much easier to work out than 
the individual integrals due to the symmetrization in pairs of indices that occurs after 
decomposing the numerator momentum with Lorentz index /3 in terms of the other two 
momenta at a vertex. One obtains the relation 

Note also that differs from X4 only by an additional — C(3) in the simple - pole. 
Using then 

2-^4tl ~l~ -^4t 

we can express X^^ in terms of X4 as 

T — T 

-'-4w -'-i 
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